We study entropic slowing down in a decorated bond system. Though it is commonly known that complicate energy landscape in random spin systems causes slow relaxations, we find that the slowing down also appears due to an entropic effect even if the energy barrier between the stable and the metastable states is very small. The concept of the entropic slowing down is proposed by using a decorated bond which has a large number of degeneracy near some specific states. In this system, we find that the relaxation time increases exponentially with the number of decoration spins.
Introduction
Mechanisms of slow relaxations in strongly interacting systems have been studied for the past several decades. When the correlation of the order parameter is enhanced, the system shows a slow relaxation. In particular, so-called critical slowing down around the critical point is the most typical example, [1] [2] [3] [4] [5] where the relaxation time diverges at the critical point.
If interactions of a system are non-uniform as in the diluted ferromagnetic model, the model shows slow relaxation even in the off-critical region. In particular, after quench from a random state to an ordered state those random systems show very slow relaxations due to the pinning of the domain wall by randomly distributed potential barrier. [6] [7] [8] Furthermore, the system has frustration like in the spin glasses, the relaxation becomes slow and also shows various characteristic features. Dynamical properties of the spin glass systems have been studied extensively both theoretically and experimentally. In the experimental studies, the slow relaxation appears in spin glasses such as dilute magnetic alloys, chromium thiospinel insulator CdCr 2−2x In 2x S 4 , chromium-based kagomé compounds SrCr 9x Ga 12−9x O 19 , and semiconductor spin glass Cd 1−x Mn x Te. [9] [10] [11] [12] [13] [14] [15] The frustration causes other interesting effects on the relaxation processes. For example, recently, Takayama and his colleagues found anomalous relaxation behavior under a field cooling process in an Ising spin glass in experiments and numerical simulations. 16, 17 In that process, the magnetization relaxes into the opposite direction to the equilibrium value. Similar anomalous dynamic phenomena were also observed in two dimensional electron system. 18 For these phenomena, we proposed a microscopic mechanism from the viewpoint of eigenvalues and eigenvectors of the time evolution operator (i.e. Liouville operator). 19 In some regularly frustrated systems, the spin glass like phenomena have been found, [20] [21] [22] [23] (e.g. kagomé and pyrochlore antiferromagnets (
We need to study the mechanism of these slow relaxations. The slow relaxation phenomena are also extensively studied in dielectrics 24, 25 (e.g. propylene carbonate, glycerol and potassium niobo-tantalate KTa 1−x Nb x O 3 ) , polymers [26] [27] [28] and ferrofluids 29, 30 (e.g γ-Fe 2 O 3 ).
Generally, the frustration causes a peculiar density of states which causes temperature dependent ordering structure. That is, microscopically it causes the temperature chaos phenomena and also it causes the reentrant phase transition macroscopically. [31] [32] [33] We have pointed out that a reentrant phase transition and the rejuvenation and memory phenomena can be realized in a system by making use of the model with a decorated bond which consists of assembly of mutually competing bonds whose effective interaction is temperature dependent. 31, 34 We proposed a minimal model for such phenomena, and found that the rejuvenation and the memory in a temperature cycling protocol. In that model, we adopted a temperaturedependent reentrance interaction and introduced a memory core in which spins interacted by a strong ferromagnetic interaction ("memory spot"). 34 There, first, the temperature was quenched from a paramagnetic phase to a temperature in the ferromagnetic phase, T 1 and kept there for a while, then some amount of the ferromagnetic order developed. Next, we suddenly decreased the temperature from T 1 to T 2 . Then, local ferromagnetic ordered clusters were replaced by antiferromagnetic ordered clusters. But the memory of the spin configuration of the ferromagnetic order was preserved in the memory spot. Therefore, when the temperature came back to T 1 again, the memory of the previous ferromagnetic spin configuration was restored.
As to the equilibrium properties, the model with the decorated bonds can show the reentrant phase transition according to the temperature dependent interaction. However, the system shows a extremely slower relaxation comparing to that of a regular lattice which has the same value of the interaction as that of the effective interaction. This slow relaxation happens even if there is no energy barrier and it is attributed to a screening effect in the decorated bond structure. This screening effect comes from the distribution of degree of freedom of spins in the decorated bond structure, and we call it "entropic slowing down". In this paper, we study mechanism of this slowing down and obtain a quantitative estimation of the relaxation time by studying the probability distribution of the spins in the decorated bond structure. We perform a scaling analysis of the result of Monte Carlo simulation using this relaxation time and confirm our estimation works very well. Using the present slow relaxation mechanism, we propose a new memory system which we call "spin black-board". There, we can memorize 2/15 any configuration at low temperatures and we can erase them by increasing the temperature.
Model
In order to study the entropic effects on the relaxation phenomena, we introduce a two dimensional square lattice Ising spin system with decorated bonds. In Fig. 1(a) , the structure of the decorated bond unit is depicted. There, the circles denote "the system spins" which form the lattice depicted in Fig. 1(b) . The triangles denote "the decoration spins" ({s i }). There are N d decoration spins between the system spins (σ 1 and σ 2 ). Half of them are connected in a ferromagnetic way by two ferromagnetic interactions (solid lines) and the other half connected in an antiferromagnetic way by a ferromagnetic interaction and an antiferromagnetic interaction (dotted lines). The magnitude of these interactions is the same. As we will show below, both contributions are cancelled out and the effective interaction of the bunch of N d bonds is zero. In addition, we put an extra bond (a wavy line) which causes the effective interaction to be nonzero. We impose the periodic boundary condition on the lattice depicted in Fig. 1 
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The Hamiltonian of the decorated bond unit is
where σ 1 and σ 2 denote system spins. The solid, dashed, and wavy lines denote the magnetic interactions of J, −J, and J ′ , respectively. Hereafter, we take J as the unit of energy.
An effective coupling between the system spins σ 1 and σ 2 at a temperature T = 1/β is defined by taking trace out decoration spins {s i }:
where K eff = βJ eff is an effective coupling. In addition, the relation between the correlation function σ 1 σ 2 and the effective coupling K eff is
Since the contribution of the left-half and the right-half interactions are cancelled, the effective coupling of this system comes only from J ′ , i.e., K eff = βJ ′ . When the magnetic coupling J ′ is a ferromagnetic interaction, the value of correlation function σ 1 σ 2 is always positive. If the effective coupling K eff is larger than the critical value K c , the system shows the ferromagnetic long range order in the equilibrium state.
Monte Carlo Simulation
In order to study the dynamical aspects, we use the single spin flip of the heat bath method of Monte Carlo simulation. Here we study a relaxation process from a state in which all the spins are aligned in the same direction. Here we set the temperature in the paramagnetic
Monte Carlo simulation of the system with N L (= 20 2 ) system spins. In Fig. 2 , we compare the relaxations of the system magnetization Step (MCS). The data is obtained by taking average of one thousand samples. In Fig. 3 (a) , we depict configurations at 100MCS. In contrast, the magnetization in the system of N d = 200 does not change at all in this MCS. In the decorated bond system, the first spin flip occurred at around 9 × 10 6 MCS, which is also depicted in Fig. 3 (b) .
In the next section we will study a microscopic mechanism of this slow relaxation in the decorated bond systems.
Microscopic Analysis of Entropic Slowing Down Mechanism
In the previous Section, we demonstrated the entropic slowing down by using Monte Carlo simulation. A large number of degenerated states of the decoration spins causes this slowing down.
In this Section, we analyze this slow relaxation from the view points of probability distribution of the decoration spins. We count the number of states of decoration spins for fixed configuration of the system spins. We define "the parallel state" of the system spins, i.e., (σ 1 ,σ 2 )=(+, +), and "the antiparallel state" (+, −) as shown in Fig. 4 (a) and (b), respectively.
There, the black, white, and gray symbols denote +, −, and disordered spins, respectively.
We denote the numbers of the + decoration spins in the left region which consists of ferromagnetic bonds by m, and that in right region which consists of ferromagnetic bond and antiferromagnetic bond are denoted by n.
The energy of the parallel state is
The energy of parallel state does not depend on n because the energy of each antiferromagnetic bond do not depend on the value of the decoration spins and always zero. In the same way, the energy of the antiparallel state is expressed by
where the energy is independent on m.
Because the maximum of m and n is N d /2, the ground state of the parallel state is
and the ground state does not depends on n which cause 2 N d /2 degenerate states. The energy of the antiparallel state is
Although the lowest energy of the antiparallel state (n = N d /2) is higher than that of the ground state by 2J ′ , the antiparallel state is a metastable states supported by the large
We consider more precisely the probability distribution of the states denoted by m and n at a temperature T . First we consider the case of the parallel state. The probability of m up spins in the left half bonds is expressed as
and the probability that n up spins in the right half bonds is given by
On the other hand, if the system is antiparallel state, the probability to have m up spins in the left half bonds is
6/15
and that to have n up spins in the right half bonds is
Figures 5 shows the probability distribution functions Q ++ (n) and R ++ (n) for N d = 200 at temperatures T = 100, 10, and 1. Because the energy does not depend on n, R ++ (n) is a simple binary distribution and it does not depend on the temperature. On the other hand Q ++ (n) depends on the temperature. At the high temperature (T = 100), it takes the maximum value at (m, n) = (50, 50) which has a large number of degenerate states. On the other hand, 
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Then, the total probability distribution are given by
Figures 6 gives colormaps of the probability distribution as a function of the numbers of + decoration spins (m and n) in the case of N d = 200 for T = 100, T = 10, and T = 1. Here we plot both of the P ++ (m, n) and P +− (m, n) in the same figure. The overlap of the probability distributions for the parallel and the antiparallel states is small in the low temperature T = 1.
When the number of the decoration spins increases, the distribution becomes sharp, and the overlap of the probability distributions becomes small. Thus, if the system is initially in the antiparallel state, there are very little paths from the antiparallel state to the parallel state. The system can not reach at the equilibrium state in a short time. Here, it should be noted that there is no energy barrier between the states.
The coarse grained probabilities of the system spins, P ++ and P +− are given by
which agree with the thermal equilibrium probabilities.
To estimate the relaxation time of this system, we calculate the flip probability of the central spin in the configuration depicted in Fig. 7 . This spin is surrounded by two up system spins and two down system spins, and thus the interaction fields from them are cancelled out, and the energy difference between the up and down states of the central spin is zero. Thus we
free spin is 1/2 in the Glauber algorithm. However, as we will show below, in the decorated bond systems (N d > 0), the transition probability to flip the free spin becomes smaller than 1/2 due to the entropy effect caused by from surrounded decoration spins. Fig. 7 . The central system spin surrounded by two up system spins and two down system spins is "free spin". Black, white, and gray symbols denote +, −, and disordered spins, respectively. If the decorated bond is absent, the flip probability of the center system spin is exactly 1/2. However, when the decorated bonds exist, the flip probability of the center system spin is less than 1/2.
The number of the decoration spins is N d .
If we fix the surrounding spins, the situation depicted in Fig. 7 can be represented by the system depicted in Fig. 8 . The numbers, n 1 , n 2 , n 3 and n 4 , denote the number of + decoration spins at left upper, left lower, right upper, and right lower regions, respectively. It is noted that the number of the decoration spins of the system depicted in Fig. 8 is 2N d , where N d is that of the original model in Fig. 7 . The internal field on the central spin in the configuration is
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and we assume the thermal bath type transition probability. Then, the flip probability of the center spin P flip is given by n 2 , n 3 , n 4 ) ] .
From Eqs. (10) and (11), R +− (n) = Q ++ (n) and R ++ (n) = Q +− (n) are satisfied, and the flip probability is explicitly given by
The flip probability of the center spin becomes small if the field from the surrounding decoration spins is strong in the parallel direction to the present state. Figure 9 shows the dependence of the flip probability of the free spin P flip as a function of N d at T = 5, 3, 2, 1, and 0.1. Here, we find that the stabilization effect is significant when N d is large and at low temperatures. Here, the effective relaxation time is estimated by
In We scale these relaxation curves in Fig. 10 by the effective relaxation time τ eff (N d ) (Table   I ) estimated by the relation in Eq. (20) , and plot them in Fig. 11 . All the relaxations of the system magnetization converge in a scaled function, which indicates that analysis in the previous Section works well.
In the case of N d = 200, which we showed above, the effective relaxation time is estimated τ eff ∼ 10 20 . Therefore we estimate that the random configuration for the paramagnetic phase would be realized after about 10 22 MCS. In the low temperature limit, β → ∞, and the large number of the decoration spins N d → ∞, the numbers n 2 goes to 0, and n 3 goes to N d . The numbers of + spins n 1 and n 4 distribute around N d /2. Therefore, the flip probability of the center spin is approximately written as
Here, we can see τ eff = P flip −1 increases exponentially with N d , which comes from the distribution of the number of the disordered spins as we mentioned above.
So far, we studied the time scale of the single spin flip and analyzed the relaxation in the paramagnetic state. In the present model, the critical temperature is T c ≃ 2.27J ′ because the effective coupling is given by K eff = βJ ′ . Below the critical temperature, there are two kinds of mechanisms of slowing down. One of them is aforementioned entropic slowing type. The other is the slowing down due to cluster formation in the ordered state. When the system is quenched from a high temperature disordered state to a temperature in the ordered state, the cluster size L increases as L ∝ √ t. This mechanism holds in the present model, too, and we expect L ∝ t/τ eff .
If we set J ′ = 0 then the system is complete paramagnetic state, the all spin configurations of the system spins have the same energy. However, because of the entropic slowing down, the system can keep any configuration for a long time. Thus, we may use such a system as a new type memory system which we would call "spin black-board". We can erase the memory by increasing the temperature.
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Conclusions
We study the microscopic mechanism of entropic slowing down in the decorated bond system. The origin of slow relaxation is the large number of degeneracy and not due to the energetic barrier between the metastable and the stable states. We studied the slowing down quantitatively and obtained the temperature-and N d -dependence of the time scale of the slowing down τ eff . We performed Monte Carlo simulation of the system and confirmed that the data are well scaled the obtained τ eff .
The model with decorated bonds in the present paper is motivated by the inhomogeneous interactions such as spin glass. Some parts of the system are less frustrated, where the spins are correlated, while the other parts are highly frustrated where the spins remain disordered.
We modeled the former parts by the "system spins" and the latter by the "decoration spins".
The spin order is formed at the network of the former parts. This model generally would work for systems which have two types of variables, i.e. one of the variables forming an ordering network and the other variables fluctuating in highly frustrated regions.
Moreover we proposed a new type of memory system, i.e. the spin black-board in which any spin configuration can be stored. We hope that examples of systems with entropic slowing down are realized and the spin black-board behavior would be demonstrated in the experiments.
If we set an additional interactions such as J ′ , the ground state has an ordered configuration even if J ′ is very small. But if the value of J ′ is much smaller than J, the system can not find it when it is cooled down from a high temperature. The system is trapped some random configuration in a temperature region of order J, and no change occurs at the lower temperatures. That is, the system is frozen by the entropic effect. Thus, the thermal annealing method would not be efficient to find its ground state. To obtain the ground state of random systems, number of researchers have studied the quantum annealing method. [35] [36] [37] [38] [39] We found that the quantum annealing method is successfully works in finding the ground state of this entropic slowing down system. 40 This mechanism will be reported elsewhere.
